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Gravitational waves have been directly detected and astronomical observations indicate
that our Universe has a positive cosmological constant Λ. Nevertheless, a theoretical gauge-
invariant notion of gravitational waves arriving at infinity (escaping from the space-time)
in the presence of a positive Λ has been elusive. We find the answer to this long-standing
gravitational puzzle, and present a geometric, gauge-invariant radiation condition at infinity.
INTRODUCTION
Physics entered the new era of gravitational-wave astronomy in 2016, following the announce-
ment of the first gravitational-wave direct detection ever [1]. This was the successful culmination
of a scientific adventure launched theoretically by Einstein a century before, having the cele-
brated quadrupole formula [2] in the weak-field limit as a solid first step, then followed by un-
certainties whether gravitational waves constitute a feature of the full non-linear theory, finally
settled with various theoretical developments in the 1950-60’s [3–8], see [9], and the discovery
and analysis of the binary pulsar PSR B1913+16 [10]. To analyze isolated systems one focuses
on regions of the space-time far away from the radiating sources, which formally correspond
to ‘infinity’. The conformal geometric representation of these asymptotic regions by Penrose
[11] was particularly pioneering: carried out in full non-linear General Relativity in a covari-
ant manner [12], it contributed to dispel remaining doubts about the theoretical description of
gravitational waves.
While the conformal completion [11] can be built for any value of the cosmological constant
Λ, its relationship with Bondi’s fundamental quantities (news function and energy-momentum)
[6] has only been established in the asymptotically flat case with Λ = 0 [12]. Observational data
[13, 14] reveal, however, that we inhabit an accelerated-expanding universe. This empirical fact
evince the presence of a positive (bare or effective) cosmological constant. Thus, annoyingly we
do not have a rigorous theoretical description of radiation escaping to infinity in the presence of
a positive Λ, no matter how tiny Λ may be. Signs of attention to this situation date back to [15],
and were amplified in [16] where the predicament was clearly presented. Some advances have
been made [17–22] (see [23, 24] for reviews), usually trying to adapt techniques from the Λ = 0
case to the new scenario. Frustratingly, we still lack a fully satisfactory solution. One of the
challenging difficulties is to understand and describe unambiguously the directional dependence
that emerges when one approaches infinity in different lightlike directions [25]. Not to mention
the absence of an asymptotic universal structure of infinity —which does exist for Λ = 0, allowing
to isolate the two degrees of freedom associated to gravitational radiation [26].
In summary, the next question remains open: How to tell when a space-time with positive
cosmological constant contains gravitational radiation arriving at infinity? In this letter, we
answer this fundamental question which underlies any other hypothetical deeper characterisa-
tion, such as a formula for the energy carried away by the waves from an isolated source or the
definition of a mass-energy. We do it by taking a fully new perspective of the problem, different
from the methods used so far in the literature. Namely, we ground our investigation in studying
2tidal effects, motivated by the nature of the gravitational field and of actual gravitational-wave
measurements. Our approach is supported by its successful application to the well-established
asymptotically flat case, in which we recently put it at test [27]: we demonstrated that our tidal
approach is fully equivalent, in a precise sense, to the traditional scheme with Λ = 0. By these
tidal means, hitherto we arrive at a satisfactory radiation condition at infinity in the presence
of a positive cosmological constant. As far as we know, this is the first such criterion.
CONFORMAL SPACE-TIME AND SUPERENERGY
The suitable structure for the study of asymptotic gravitational radiation is the boundary
J of a conformal completion1
(
M,gαβ
)
of any physical space-time
(
Mˆ, gˆαβ
)
[11], where gαβ =
Ω2gˆαβ on Mˆ , the conformal factor Ω is strictly positive on Mˆ and ‘infinity’ lies at J := {Ω = 0};
for further details see e.g. [12, 28]. For Λ > 0, J is a three-dimensional manifold endowed
with a Riemannian metric2 hab inherited from
(
M,gαβ
)
. Generically J is not connected, its
components can be divided into ‘future’ and ‘past’ denoted by J ± respectively; our discussion
is valid for any of them, but we will sometimes concentrate on J + for the sake of concreteness
(escaping radiation). The normal Nα := ∇αΩ to the Ω = constant hypersurfaces is future
timelike on a neighbourhood of J , for −N2 := NαNα
J
= −Λ/3. In such a neighbourhood one
can normalise it nα := N
−1Nα . There is a gauge freedom consisting on conformal rescaling of
gαβ , Ω→ Ωω with ω > 0. It is common to restrict ω such that ∇αNβ
J
= 0, a ‘divergence-free’
gauge that we adopt. Still, a huge gauge freedom persists, as any ω satisfying £ ~Nω
J
= 0 is still
allowed. Our main results are fully gauge independent.
In order to motivate our novel approach, let us throw a quick sight into the electromagnetic
(EM) field, whose energy-momentum tensor we denote by TEM µν . For any unit, future-pointing,
vector vα, the four-momentum vector relative to vα is defined as PEM α := − TEM αµ vµ. This is
always causal and future, its vα-component gives the EM energy density measured by vα, while
the remaining, three-dimensional, spatial vector is the Poynting vector. The latter points in the
spatial direction along which EM energy propagates according to the observer described by vα.
Null EM fields are characterized by having a non-zero Poynting vector for all possible vα.
In General Relativity, things are more complicated. A great obstacle is the absence of a local
notion of energy-momentum associated to the gravitational field, although there are quasilocal
definitions [29]. Instead of working at the energy-density level one can work with tidal energies.
At this level the Bel-Robinson tensor [30] is defined
Tαβγδ := C ναµγ C µδνβ + C∗ ναµγ C∗ µδνβ (1)
where C ναµγ is the Weyl tensor and C
∗ ν
αµγ its Hodge dual. Tαβγδ is a totally symmetric,
traceless, conformally invariant tensor whose physical units areML−3T−2 [29, 31, 32] and carries
information related to the tidal nature of the gravitational field. The objects defined with this
tensor are usually referred to as superenergy quantities. Given an observer vα as before, one
defines the associated supermomentum
Pα := −vβvγvδT αβγδ =Wvα + Sα (2)
1 The metric signature is (−,+,+,+), and the curvature tensor is defined by (∇α∇β − ∇β∇α)vγ = R
µ
αβγ vµ ,
where ∇α is the covariant derivative on
(
M, gαβ
)
.
2 Latin indices a = 1, 2, 3 are intrinsic to J .
3where W and Sα (Sαvα = 0) are the superenergy density and super-Poynting vector relative to
vα
W := vαvβvγvδTαβγδ ≥ 0 , (3)
Sα := −(δαµ + vαvµ)vβvγvδT µβγδ . (4)
The Bel-Robinson tensor has many relevant properties [5, 32, 33] analogous to the ones fulfilled
by TEM µν . Among them, a dominant property [32] ensuring that P
α is causal and future
pointing. In analogy with the null EM fields, Bel [5] proposed to define a state of intrinsic
gravitational radiation at a point q when Sα|q 6= 0 for all possible vα. This is a local, observer-
independent statement.
THE RADIATION CRITERION AT J
We aim at an observer-independent and gauge-invariant description of gravitational radiation
at the conformal boundaryJ . For such purpose, and recalling that we are interested in studying
tidal effects, first we have to find a good definition of asymptotic supermomentum. Something
as (2) does not work, as we know that the Weyl tensor vanishes at J [12, 28]. Nevertheless, the
rescaled Weyl tensor d δαβγ := Ω
−1C δαβγ is regular at infinity. Consequently, to carry out an
asymptotic study in conformal space-time, it is natural to define a rescaled Bel-Robinson tensor,
Dαβγδ := Ω−2Tαβγδ = d ναµγ d µδνβ + d∗ ναµγ d∗ µδνβ (5)
which shares most of the properties of Tαβγδ and is regular and –in general– different from zero
at J . Notice that the normal Nα |J defines a privileged ‘asymptotic observer’ that is selected
by the geometry itself. Hence, it is natural to define the asymptotic supermomentum
pα := −NµNνNρDαµνρ (6)
and its canonical version
Pα := −nµnνnρDαµνρ . (7)
Obviously, these two vector fields are proportional in a neighbourhood of J , Pα = N−3pα, and
all the properties listed below hold for both of them. However, (7) is unsuitable for comparison
with the Λ = 0 case, for which we will use (6) later on. Some important properties of these
vector fields are:
1. Pα is causal and future pointing at and around J .
2. Under gauge transformations, it changes at J as
Pα J→ ω−7Pα . (8)
3. If the energy-momentum tensor of the physical space-time (Mˆ, gˆµν) behaves near J as
Tˆαβ |J ∼ O(Ω3) (which includes the vacuum case Tˆαβ = 0), then
∇µPµ
J
= 0 .
4Let {nα|J , eαa} be an orthonormal basis of M at J . The canonical asymptotic supermo-
mentum decomposes as
Pα J= Wnα + Pα J= Wnα + Paeαa , (9)
where,
W J:= −nµPµ ≥ 0 , (10)
Pα J:= −(δαµ + nαnµ)Pµ , Pαnα = 0 , (11)
are the asymptotic superenergy and super-Poynting vector field, respectively. At this stage, we
can already introduce the gravitational-radiation condition.
Criterion 1 (Asymptotic gravitational-radiation condition with Λ > 0). Consider a three-
dimensional open subset ∆ ⊂ J . There is no radiation on ∆ if and only if the asymptotic
super-Poynting vanishes there
Pα ∆= 0⇐⇒ No gravitational radiation on ∆.
Observe that an equivalent statement is that the super-momentum points along the normal
Nα at J . This allows to give two alternative but equivalent formulations of the criterion which
will be valuable for later comparison.
• No gravitational radiation on ∆ ⊂ J ⇐⇒ pα is orthogonal to all surfaces within ∆.
• No gravitational radiation on ∆ ⊂ J ⇐⇒ Nα|J is a principal vector (in the sense of
Pirani [4, 5], see [34]) of d δαβγ |∆ .
Remarks:
1. This characterisation is gauge invariant, as follows from (8).
2. In terms of the electric, Dab , and magnetic, Cab , parts of the rescaled Weyl tensor, defined
with respect to nα|J , the asymptotic superenergy and super-Poynting take the form [5, 35]
W J= DabDab +CabCab , (12)
Pa J= [C,D]rs ǫrsa
J
= 2C tr Dtsǫ
rsa , (13)
where ǫabc is the volume form of J . This means that there are no gravitational waves at
J if and only if Cab and Dab commute. A necessary condition for this to occur is that
d δαβγ |J be of Petrov type I or D [5, 36]. Observe, though, that this is not sufficient and
these two types can contain asymptotic radiation – later on, we will present one example.
3. The existence of radiation depends on the interplay between Dab and Cab , and cannot be
determined with only one of them –letting aside the trivial case in which either vanishes.
The Cotton-York tensor of (J , hab) can be shown to be −
√
Λ/3Cab, and thus Cab is
determined by the intrinsic geometry of J . Hence, this intrinsic geometry is not enough
to encode the presence of asymptotic radiation, and one needs to bring Dab into the
picture. This agrees with the next remark.
54. A fundamental result by Friedrich [37, 38] states that a solution of the Λ-vacuum Einstein
field equations is fully determined by initial/final data consisting of the conformal class
of a 3-dimensional Riemmanian manifold (J , hab) plus a traceless and divergence-free
tensor Dab. Hence, from this perspective and given any particular conformal geometry for
J + one only needs to add a TT-tensor Dab such that it does (not) commute with Cab if
escaping radiation is not (is) to be present.
5. The condition as stated is computation friendly, and can be easily implemented in algebraic
computing programs.
The radiation detected with the above criterion at J + is always ‘escaping’ from the physical
spacetime, and Pα points in its spatial direction of propagation there. However, at this stage,
one cannot say if the radiation is originated by an isolated source, as there can be other pieces of
radiation coming to J + from beyond the cosmological horizon of such isolated source [16, 39].
In order to show that Criterion 1 is reliable, we first compare with the Λ = 0 case and then
present relevant examples supporting it —with and without radiation.
COMPARISON WITH THE ASYMPTOTICALLY FLAT CASE
The first distinguishable property of the asymptotically flat scenario is that J is a lightlike
hypersurface, as the normal Nα is lightlike and thus N
α is tangent to J—and cannot be
normalized. Also, the topology of J is determined to be R × S2 [11, 12]. In this Λ = 0
case the presence of escaping gravitational radiation –i.e. transversal to J +– is successfully
determined by the news tensor [12, 26] Nab—equivalent to the Bondi news function [6] in a
particular gauge—: a symmetric, traceless, gauge-invariant tensor field on J + orthogonal to
its null generators. Specifically, the standard criterion on an open portion ∆ ⊂ J + with same
topology as J + reads [12, 26]
Nab
∆= 0⇐⇒ No gravitational radiation on ∆.
Actually, using the results in [27] we can show that this criterion agrees with ours. To prove it
we must use the analog of pα, which was introduced in [27] as
Qα := −NµNνNρDαµνρ . (14)
Observe that this is formally the same definition as (6); in fact, for spacetimes in which the limit
Λ→ 0 makes sense3 one has
pα|Λ=0
J
= Qα .
Qα is observer independent, geometrically distinguished and, due to known properties [32, 42],
Qα|J is a future ligthlike vector field. This is why we call it the asymptotic radiant supermo-
mentum. In [27] we proved
Nab
∆= 0 ⇐⇒ Qα ∆= 0 .
In simpler words, the standard radiation condition for Λ = 0 can be re-stated as
Qα ∆= 0⇐⇒ No gravitational radiation on ∆.
3 An example where such a limit does not exist is the a→∞ limit of Kerr-de Sitter [40, 41].
6It might seem at first sight that there is a slight difference between this and Criterion 1, but
this is only apparent: Qα admits decompositions into a tangent vector field Qα –‘radiant super-
Poynting’– and a transverse component at J . The vanishing of the former on ∆ is equivalent
to the vanishing of the whole Qα on that open portion [27].
To reinforce the agreement between Criterion 1 for Λ > 0 and the classical criterion for Λ = 0
we rewrite the latter in the following two equivalent forms:
• No gravitational radiation on ∆ ⊂ J ⇐⇒ Qα is orthogonal to all surfaces within ∆.
• No gravitational radiation on ∆ ⊂ J ⇐⇒ Nα|J is a principal vector of d δαβγ |∆.
These are the same characterizations as those given previously for the case Λ > 0.
No equivalent of the news tensor has been found when Λ > 0 yet, which enhances the
relevance and versatility of Criterion 1: the radiation escaping from the physical space-time is
determined by the asymptotic supermomentum –(6) or (14)– defined with the normal to J +, no
matter if Λ = 0 or Λ > 0. An important clarification is necessary: the lightlike character of J +
in the former case excludes any possible incoming waves, which would propagate tangentially
to J +, and thus the radiation detected by Nab, or equivalently by Qα, is entirely due to an
isolated system, in contrast with the Λ > 0 case. This makes it clear that, in order to transfer
all other important results from the Λ = 0 case –such as mass-energy definition, balance laws,
etc— to Λ > 0 a full control of ‘incoming radiation’ is needed. There exists one proposal [39]
that requires knowledge of the physical spacetime, but we aim at handling this problem using
information solely from, or on top of, J +. A worth-exploring possibility arising naturally in our
scheme is partly related to the algebraic structure of the rescaled Weyl tensor in relation with Nα
[43]. In any case, it seems necessary to endow (J +, hab,Dab) with further structure, essentially
a distinguished or chosen congruence of curves which depends on the physical properties of the
spacetime under consideration (see also [44]). This matter, however, excesses the scope of this
letter and will be presented elsewhere.
EXAMPLES
Example 1. As an obvious example, every space-time whose metric hab on J is conformally
flat has Cab
J
= 0 and, consequently, it does not contain gravitational radiation at infinity.
Similarly, every spacetime with Dab = 0 does not have radiation either. Likewise, conformally
flat physical spacetimes (that is, with a vanishing Weyl tensor) have no radiation as d δαβγ
J
= 0.
Friedman-Lemaître-Robertson-Walker models admitting J are relevant examples including, of
course, de Sitter (dS) spacetime.
Example 2. If the physical spacetime is spherically symmetric and the conformal completion
respects the symmetry then Cab and Dab inherit the symmetry too, implying that in a preferred
basis they are both diagonal, ergo they conmute, and therefore there is no gravitational radiation.
This holds true also for all spacetimes with a 3-dimensional group of symmetries —not only
SO(3)— with spacelike 2-dimensional orbits, as long as Ω is invariant by the group. Relevant
examples are the generalized Kottler spacetimes [40, 45] or the Vaidya metric.
Example 3. The family of Kerr-de Sitter-like space-times comprises all vacuum space-times
with positive cosmological constant admitting a conformal completion and whose Mars-Simon
tensor (see e.g. [40, 46, 47] and references therein) with respect to a given Killing vector vanishes.
These spacetimes have been studied in [47], and they include in particular Kerr-dS, Kerr-NUT-
dS, or Taub-NUT-dS. The Killing vector induces a conformal Killing vector Y a on J without
7fixed points and the explicit expressions for Cab and Dab were found to be both proportional to
[47]
YaYb − 13YcY
chab .
Hence, Pa = 0 and these space-times contain no gravitational radiation at infinity according to
our criterion, as expected.
Example 4. We deal now with the C-metric with Λ ≥ 0, a solution which under certain range
of parameters represents two accelerating black holes in a dS (Λ > 0) or flat (Λ = 0) background.
Gravitational waves at infinity are thus expected; actually, the existence of a non-vanishing news
tensor when Λ = 0 was demonstrated in [48]. For further insights on the properties of these
metrics, see [49].
We use a recent version of this metric [50], in which the conformal space-time metric in a
divergence-free gauge reads
ds2 =
1
S
(
Tdτ2 − 1
T
dq2 +
1
S
dp2 + Sdσ2
)
, (15)
where
T (q) := (α2 − q2)(1 + 2mq) + Λ/3 , (16)
S(p) := (1− p2)(1− 2αmp) (17)
and the conformal factor is Ω2 := (q + αp)2 /S ergo J is defined by q+αp = 0. There are two
Killing vectors: ∂τ with R-orbits, and ∂σ with cyclic orbits but conical singularities at p = ±1,
so that p ∈ (−1, 1) and thus S > 0 —by assuming 2αm < 1. To describe a region containing
J we must choose q ∈ (−α,α), so that T (q) > 0 in the chosen range, and the spacetime is
non-stationary there. The roots where T (q) = 0 are horizons through which the metric can be
regularly extended. Notice that these horizons do not intersect J . There are four constant
parameters: α (acceleration), m (mass), Λ and C, the latter sometimes is used to remove one
of the conical singularities [49].
The metric on J reads
h =
1
S
(
(α2S + Λ/3)dτ2 +
Λ
3S(α2S + Λ/3)
dp2 + Sdσ2
)
. (18)
This is clearly positive definite having a smooth limit when Λ → 0 that leads to a degenerate
hab. The electric and magnetic parts of the rescaled Weyl tensor on J , in the coordinate basis,
have as non-zero components
Cτσ =
3
Λ
αmS3/2(3Sα2 + Λ), Dσσ =
m
Λ
S3/2
(
Λ + 9Sα2
)
, (19)
Dττ = −
m
Λ
√
S
(
9S2α4 + 5ΛSα2 +
2
3
Λ2
)
, Dpp =
mΛ√
S (Λ + 3Sα2)
(20)
hence, the asymptotic canonical super-Poynting vector and superenergy have the following ex-
pressions:
Pa J=
√
3
Λ
18αm2S9/2
(
1 +
6
Λ
Sα2
)
δap , (21)
8W J= 6m2S3
(
1 +
54
Λ2
S2α4 +
18
Λ
Sα2
)
. (22)
The super-Poynting vector field is different from zero everywhere on J , thus meaning that
gravitational radiation arrives there, as expected.
To measure the effects of Λ with respect to the asymptotically-flat case, it is convenient to
compute the supermomentum (6) for Λ > 0 and then compare with the radiant supermomentum
(14) for Λ = 0, because Qα J= pα|Λ=0 . They read, respectively
~p
J
= 2m2S7/2
[(
α2S +
Λ
3
)(
Λ+ 9Sα2
)
∂q + αS
(
2Λ + 9Sα2
)
∂p
]
, (23)
~Q J= 18m2S11/2α3 (α∂q + ∂p) . (24)
Observe that there are linear and quadratic terms in Λ in (23). Finally, it is straightforward to
verify that (24) is lightlike for Λ = 0.
DISCUSSION
We have presented a new geometric, covariant and gauge-invariant criterion to character-
ize gravitational waves at infinity in the presence of a non-negative cosmological constant. In
relevant examples, the criterion gives the expected results. More importantly, we have argued
that the criterion is equivalent to the standard one –based on the news tensor– for the Λ = 0
case. Adding appropriate structure on (J , hab,Dab) which allows to deal with ‘incoming and
outgoing’ waves, we are developing a framework [43] in order to recover further properties of the
asymptotically flat case. In particular, ways to define asymptotic symmetries at infinity, as well
as enlightening evidences for the existence of news-like tensor fields on J in the presence of a
positive cosmological constant, emerge.
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